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(Explicit formulas of principal series Whittaker
functions on $Sp(2, C))$
(Tadashi Miyazaki) *
Abstract
We give explicit formulas of Whittaker functions for principal series representations of
$Sp(2, C)$ . Moreover, we compute Novodvorsky‘s archimedean local zeta integrals using
these formulas. See [9] for details.
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$Sp(2, C)=\{g\in GL(4, C)|t_{gI_{2}g=}I_{2}\}$ , $J_{2}=(\begin{array}{ll}O_{2} 1_{2}-1_{2} O_{2}\end{array})$
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$\mathfrak{g}$ Lie $G$ $G=NAK$ :
$N=\{n[x]=(\begin{array}{llll}1 x_{1} 0 00 1 0 00 0 1 00 0 -x_{1} 1\end{array})(\begin{array}{llll}1 0 x_{4} x_{3}0 1 x_{3} x_{2}0 0 1 00 0 0 1\end{array})|x=(x_{1}, x_{2}, x_{3}, x_{4})\in C^{4}\}$,
$A=\{diag(a_{1}, a_{2}, a_{1}^{-1}, a_{2}^{-1})|a_{i}\in R_{>0}(i=1,2)\}$ , $K=Sp(2)=Sp(2, C)\cap U(4)$ .




$M=\{k\in K|kak^{-1}=a, a\in A\}$
$=\{$diag $(m_{1},$ $m_{2},$ $m_{1}^{-1},$ $m_{2}^{-1})|m_{1},$ $m_{2}\in U(1)\}\simeq U(1)^{2}$ .
$P$ $P=NAM$ $G$
3 Whittaker
$C$ $\psi c$ $\psi c(z)=\exp(2\pi\sqrt{-1}(z+\overline{z}))(z\in C)$
$c_{1},$ $c_{2}\in C$ $N$ $\psi_{c_{1},c_{2}}$
$\psi_{c_{1},c_{2}}(n[x])=\psi_{C}(c_{1}x_{1}+c_{2}x_{2})$ , $x=(x_{1},x_{2}, x_{3}, x_{4})\in C^{4}$
$N$ $\{\psi_{c_{1},c_{2}}|c_{1} , c_{2}\in C\}$
$c_{1}c_{2}\neq 0$ $\psi_{c_{1},c_{2}}$
$N$ $\psi$ $C^{\infty}(N\backslash G;\psi)$
$F(ng)=\psi(n)F(g)$ , $(n,g)\in N\cross G$
$G$ $F$ $G$
$G$ Hilbert $(\Pi, H_{\Pi})$ $\mathcal{I}_{\Pi,\psi}$ $\mathcal{I}_{\Pi,\psi}^{\infty}$
$\mathcal{I}_{\Pi,\psi}=Hom_{(g_{C},K)}(H_{\Pi},{}_{K}C^{\infty}(N\backslash G;\psi))$ ,
$\mathcal{I}_{\Pi,\psi}^{\infty}=Hom_{G}(H_{n}^{\infty}, C^{\infty}(N\backslash G;\psi))$ ,
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$H_{\Pi,K}$ $H_{\Pi}$ $K$ $H_{\Pi}^{\infty}$ $H_{\Pi}$
Wh $(\Pi, \psi)$ Wh$(\Pi, \psi)^{\infty}$
$Wh(\Pi, \psi)=\{\Phi(f)|f\in H_{\Pi,K}, \Phi\in \mathcal{I}_{\Pi,\psi}\}$ ,
$Wh(\Pi, \psi)^{\infty}=\{\Phi(f)|f\in H_{\Pi}^{\infty}, \Phi\in \mathcal{I}_{\Pi,\psi}^{\infty}\}$
Wh$(\Pi, \psi)$ Wh$(\Pi, \psi)^{\infty}$ $(\Pi, \psi)$ Whittaker
Whittaker Lie
$G=Sp(2, C)$ :
3.1 ([7], [8], [17], [20], [21]).
(i) $\mathcal{I}_{\Pi,\psi}$ $\mathcal{I}_{\Pi,\psi}^{\infty}$ :
$\dim_{C}\mathcal{I}_{\Pi,\psi}=8$ , $\dim_{C}\mathcal{I}_{\Pi,\psi}^{\infty}=1$ .
(ii) Wh$(\Pi, \psi)^{\infty}$ $K$-
Wh$(\Pi, \psi)^{mg}=\{W\in$ Wh$(\Pi,$ $\psi)|W$ $\}$
(iii) $G$ Hilbert $(\square , H_{\Pi})$ $\mathcal{I}_{\Pi,\psi}\neq 0$ $\Pi$
3.1(iii) $\Pi$
$u_{1},$ $u_{2}\in C^{\cross}$ $(\mathfrak{g}_{C}, K)$-
$\text{ _{}u\text{ },u_{2}}:C^{\infty}(N\backslash G;\psi_{c_{1},c_{2}})arrow C^{\infty}(N\backslash G;\psi_{u\text{ }c_{1},u_{2}^{2}c_{2}})$
$\Xi_{u_{1},u_{2}}(F)(g)=F(ug)$ , $u=$ diag $(u_{1}u_{2}, u_{2}, (u_{1}u_{2})^{-1}, u_{2}^{-1})$
$\psi=\psi_{1,1}$ $\mathcal{I}_{\Pi,\psi_{1,1}}$
$\mathcal{I}_{\Pi,\psi_{1,1}}^{\infty}$
$\Phi$ $G$ K- $f$ Whittaker
$\Phi(f)$
4
$d=(d_{1}, d_{2})\in Z^{2}$ $M$ $\sigma_{d}$
$\sigma_{d}(m)=m_{1}^{d_{1}}m_{2}^{d_{2}}$ , $m=$ diag$(m_{1}, m_{2}, m_{1}^{-1}, m_{2}^{-1})$ $\in M$
$M$ $\{\sigma_{d}|d\in Z^{2}\}$
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$\nu=(\nu_{1}, \nu_{2})\in C^{2}$ $A$ $e^{\nu}:A\ni a\mapsto a^{\nu}\in C^{\cross}$
$a^{\nu}=a_{1}^{\nu_{1}}a_{2}^{\nu_{2}}$ , $a=$ diag$(a_{1}, a_{2}, a_{1}^{-1}, a_{2}^{-1})\in A$
$\rho=(4,2)$
41. $\nu\in C^{2}$ $d\in Z^{2}$ $G$ $(\Pi_{[\nu,d]}, H_{[\nu,d\rfloor})$
$\Pi_{[\nu,d\rfloor}=Ind_{P}^{G}(1_{N}\otimes e^{\nu+\rho}\otimes\sigma_{d})$
$\Pi$ [ H[$\nu$








$G$ Weyl $\mathcal{W}_{G}=\mathfrak{S}_{2}\ltimes\{\pm 1\}^{2}$
$(s, \epsilon_{1}, \epsilon_{2})\cdot(s’, \epsilon_{1}’, \epsilon_{2}^{l})=(ss’, \epsilon_{1}\epsilon_{s^{-1}(1)}’, \epsilon_{2}\epsilon_{s^{-1}(2)}’)$,
$s,$ $s’\in \mathfrak{S}_{2}$ , $\epsilon_{1},$ $\epsilon_{2},$ $\epsilon_{1}’,$ $\epsilon_{2}’\in\{\pm 1\}$
$6_{n}$ $n$ $\mathcal{W}_{G}$
$C^{2}$
$w\cdot(z_{1}, z_{2})=(\epsilon_{1}z_{s^{-1}(1)}, \epsilon_{2}z_{\epsilon^{-1}(2)})$ , $w=(s, \epsilon_{1}, \epsilon_{2})\in \mathcal{W}_{G}$ , $(z_{1}, z_{2})\in C^{2}$
$\Pi_{[\nu,d]}$
$\Pi_{[\nu,d]}\simeq\Pi_{[w\cdot\nu,w\cdot I\downarrow}$ , $w\in \mathcal{W}_{G}$







$(\tau_{st}, V_{st})$ $V_{st}=M_{4,1}(C)\simeq C^{4}$
$\tau_{st}(k)v=k\cdot v$ , $k\in K,$ $v\in V_{st}$
$K$ $k\cdot v$ $k$ $v$
$1\leq i\leq 4$ $e_{i}$ $(i, 1)$ - 1 $0$ $V_{st}=M_{4,1}(C)$
$C$ $V$ Sym(V) $=\oplus_{n\geq 0}$ Sym$n(V)$ $V$




$\tau_{st}$ $K$ $\mathcal{R}$ $T$
$1\leq i\leq 4$ $1\leq j\neq k\leq 4$
$\mathfrak{e}_{i}=e_{i}\otimes 1$ , $e_{jk}=1\otimes(e_{j}\wedge e_{k})$
$\mathcal{R}$ $C$- $I_{\mathcal{R}}$
$\xi^{(1)}=e_{13}+e_{24}$ , $\xi^{(2)}=\mathfrak{e}_{12}e_{34}-\mathfrak{e}_{13}\epsilon_{24}+c_{14}e_{23}$,
$\xi_{ijk}^{(3)}=e_{i}e_{3k}+\mathfrak{e}_{j}e_{ki}+e_{k}\mathfrak{e}_{ij}$ $(1\leq i<j<k\leq 4)$ .
$\mathcal{R}$ $K$-
$T$ $K$ $\tilde{T}$ $\mathcal{R}/I_{\mathcal{R}}$ $K$-
$\lambda\in$ A $\mathcal{R}\ni r\mapsto r+I_{\mathcal{R}}\in \mathcal{R}/I_{\mathcal{R}}$ $\mathcal{R}^{\lambda}$
$\tau_{\lambda}(k)=\tilde{T}(k)|_{V_{\lambda}}(k\in K)$
5.1. :
(i) $\lambda\in\Lambda$ $(\tau_{\lambda}, V_{\lambda})$ $K$
(ii) $K$ $\{\tau_{\lambda}|\lambda\in\Lambda\}$
(iii) $\Pi_{[\nu,(l\rfloor}$ K- $\tau_{d}$
$\dim_{C}Hom_{K}(V_{d}, H_{[\nu,d],K})=1$ ,
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$\dim_{C}Hom_{K}(V_{\lambda}\lambda, H_{[\nu,d\rfloor,K})=0$ ($d>$ lex $\lambda$ )
$>1ex$ $(\lambda_{1}, \lambda_{2})>$ lex $(\lambda_{1}’, \lambda_{2}’)$
$\lambda_{1}>\lambda_{1}’$ $(\lambda_{1}=\lambda_{1}’$ $\lambda_{2}>\lambda_{2}’)$ .
$\lambda=(\lambda_{1}, \lambda_{2})\in\Lambda$ $S_{\lambda}=S_{[\lambda;1]}\cross S_{[\lambda;2]}$
$S_{[\lambda_{i}1]}=\{(l_{1}, l_{-1}, l_{2},l_{-2})\in(Z_{\geq 0})^{4}|l_{1}+l_{-1}+l_{2}+l_{-2}=\lambda_{1}-\lambda_{2}\}$ ,




$e_{13}+I_{\mathcal{R}}=(e_{42}+\xi^{(1)})+I_{\mathcal{R}}=e_{42}+I_{\mathcal{R}}$ $\{v_{L}^{\lambda}\}_{L\in S_{\lambda}}$ C-
:
$\delta[i]=((\delta_{1,i}, \delta_{-1,i}, \delta_{2,i}, \delta_{-2,i}),$ $(\begin{array}{ll}0 00 0\end{array}))$ $(i\in\{\pm 1, \pm 2\})$ ,
$\Delta[j_{1},j_{2}]=((0,0,0,0),$ $(\begin{array}{llll}\delta_{1,j_{1}} \delta_{1,j_{2}} \delta_{1,j_{1}} \delta_{-l,j_{2}}\delta_{-l,j_{1}} \delta_{l,j_{2}} \delta_{-l,j_{1}} \delta_{-1,j_{2}}\end{array}))$ $(j_{1},j_{2}\in\{\pm 1\})$ .
$\delta_{i,j}$ Kronecker
$\delta_{i,j}=\{\begin{array}{l}1 (i=j \text{ } ),0 (i\neq j \text{ } ).\end{array}$
6
$K$- $\phi:V_{d}arrow$ Wh$(\Pi_{[\nu,d\rfloor}, \psi_{1,1})$ ,
$\phi(v)(ngk)=\psi_{1,1}(n)\phi(\tau_{d}(k)v)(g)$ , $(n, g, k)\in N\cross G\cross K$ (6.1)
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$G=NAK$ $K$- $\phi$ $\phi(v_{L}^{d})|_{A}(L\in S_{d})$
$\phi(v_{L}^{d})|_{A}(L\in S_{d})$
$A$ $y=(y_{1}, y_{2})$
$y_{1}=a_{1}/a_{2}$ , $y_{2}=a_{2}^{2}$ , $a=$ diag $(a_{1}, a_{2}, a_{1}^{-1}, a_{2}^{-1})\in A$
$\Pi$
[ $\nu$, $(\mathfrak{g}_{C}, K)$- Whittaker $\phi(v_{L}^{d})|_{A}(L\in$
$S_{d})$ $K$- $\iota_{[\nu,d]}:V_{d}arrow H_{[\nu,d],K}$
$K$- $\phi:V_{d}arrow$ Wh$(\Pi_{[\nu,d]}, \psi_{1,1})$ $\Phi\in \mathcal{I}_{\Pi_{\lfloor\nu,d|},\psi_{1,1}}$
$\phi=\Phi 0\iota_{[\nu,d]}$ $\emptyset c$ ( $U(\mathfrak{g}_{C})$ ) $C^{\infty}(N\backslash G;\psi)$
$9c$ $U(\mathfrak{g}_{C})$ $Z(\mathfrak{g}_{C})$
Z( c) $H_{[\nu,d\rfloor,K}$ $D\in Z(\mathfrak{g}_{C})$
$x[\nu,d](D)$
$\Pi_{[\nu,d]}(D)\iota_{[\nu,d]}(v_{L}^{d})=\chi_{[\nu,d\rfloor}(D)\iota_{[\nu,d]}(v_{L}^{d})$ $(L\in S_{d})$ (6.2)
$Z(\mathfrak{g}_{C})$ $\chi_{[\nu,d]}(D)$
( [1] ). (6.2) $\Phi$
$D\phi(v_{L}^{d})=\chi_{[\nu,d]}(D)\phi(v_{L}^{d})$ $(L\in S_{d})$ (6.3)
$\phi(v_{L}^{d})|_{A}$
Dirac-Schmid $\mu=(1,0)$




$v_{1}\otimes v_{2}\mapsto v_{1}v_{2}$ $v_{1}v_{2}$ $\mathcal{R}/I_{\mathcal{R}}$ $v_{1}$ $v_{2}$
$K$- $B_{[\nu,d]}:\mathfrak{p}_{C}\otimes_{C}H_{[\nu,d],K}arrow H_{[\nu,d\rfloor,K}$ $X\otimes f\mapsto\Pi_{[\nu,d]}(X)f$
$V_{\mu}\otimes_{C}V_{d-\mu}$ $H_{[\nu,d\rfloor,K}$ 2 $K$
$B_{[\nu,d\rfloor}o(id_{\mathfrak{p}_{C}}\otimes\iota_{[\nu,d]})o(id_{\mathfrak{p}_{C}}\otimes P_{\mu,d-\mu})o(I_{\mu}^{\mathfrak{p}}\otimes idv_{d-\mu})$ , $\iota_{[\nu,d]}oP_{\mu,d-\mu}$
dimc $Hom_{K}(V_{\mu}\otimes cV_{d-\mu}, V_{\lambda})=0$ ( $\lambda>$ lex $d$ ),
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$\dim_{C}Hom_{K}(V_{\mu}\otimes_{C}V_{d-\mu}, V_{d})=\dim_{C}Hom_{K}(V_{d}, H_{[\nu,d\rfloor,K})=1$ ,
$\dim_{C}Hom_{K}(V_{\lambda’}, H_{[\nu,d],K})=0$ $(d>1ex\lambda’$ $)$
$\dim_{C}Hom_{K}(V_{\mu}\otimes_{C}V_{d-\mu}, H_{|\nu,dl^{K}},)=1$ $\gamma_{\mu}$
$B_{[\nu,d\rfloor}o(id_{\mathfrak{p}}c\otimes\iota[\nu,d])\circ(id_{\mathfrak{p}_{C}}\otimes P_{\mu,d-\mu})\circ(I_{\mu}^{\mathfrak{p}}\otimes id_{V_{d-\mu}})=\gamma_{\mu}\iota_{[\nu,d\int}oP_{\mu,d-\mu}$ (6.4)
$\delta\in S_{\mu}$
$I_{\mu}^{\mathfrak{p}}(v_{\delta}^{\mu})= \sum_{\delta\in S_{\mu}}X_{\delta,\delta}^{(\mu)},$
$\otimes v_{\delta}^{\mu},$ , $X_{\delta,\delta}^{(\mu)},$ $\in \mathfrak{p}_{C}$
( $X_{\delta,\delta}^{(\mu)}$,














$i=1,2$ $\partial_{i}=y_{l}\frac{\partial}{\partial y_{i}}$ $\phi\in Hom_{K}(V_{d}, Wh(\Pi, \psi))$
$\varphi_{L}(y)(L\in S_{d})$
$\phi(v_{L}^{d})(a)=(\sqrt{-1})^{l_{1}-l_{-2}+L_{-1,1}-L_{1,-1}}y_{1}^{4}y_{2}^{3}$




$\{\partial_{1}^{2}+(-\partial_{1}+2\partial_{2})^{2}-8(2\pi y_{1})^{2}-16(2\pi y_{2})^{2}-(\mu_{1,L_{d}})^{2}-(\mu_{2,L_{d}})^{2}\}\varphi_{L_{d}}=0$ ,
$\{\partial_{1}^{2}(-\partial_{1}+2\partial_{2})^{2}+8(2\pi y_{1})^{2}\{(\partial_{1}+1)(-\partial_{1}+2\partial_{2}-1)-1\}$
$-16(2\pi y_{2})^{2}\partial_{1}^{2}+16(2\pi y_{1})^{4}-(\mu_{1,L_{d}})^{2}(\mu_{2,L_{d}})^{2}\}\varphi_{L_{d}}=0$ .




(iii) \’a-- $(l, 1)\in\Lambda$ $\epsilon\in\{\pm 1\},$ $L\in S_{d-(1,1)}$
$\{2\partial_{2}-4L_{\epsilon,-\epsilon}-\epsilon(\mu_{1,L+\triangle[\epsilon,\epsilon]}+\mu_{2,L+\triangle[\epsilon,\epsilon]})\}\varphi_{L+\Delta[\epsilon,\epsilon]}+4\varphi_{L+\Delta[\epsilon,-\epsilon]}=0$ .
$l_{2}=l_{-2}=L_{1,-1}=L_{-1,1}=0$
$2\pi y_{2}(\mu_{1,L}+\mu_{2,L})\varphi_{L}-4\pi y_{1}\varphi_{L+\Delta[-1,1]}+4\pi y_{1}\varphi_{L+\Delta[1,-1]}=0$ .
$l_{2}=l_{-2}=L_{1,-1}=L_{-1,1}=L[d-(1,1)]=0$
$\{2\partial_{1}-2\partial_{2}-\epsilon(\mu_{1,L+\Delta[\epsilon,-\epsilon]}+\mu_{2,L+\triangle[\epsilon,-\epsilon]})\}\varphi_{L+\Delta[\epsilon,-\epsilon]}$
$-4(2\pi y_{2})^{2}\varphi_{L+\Delta[\epsilon,\epsilon]}+4(2\pi y_{1})(2\pi y_{2})\varphi_{L}=0$.
6. 1 (i) (6.3) (ii) (iii) (6.6) $\mu=$
$(1,0)$ $\mu=(1,1)$ (ii), (iii) $\varphi_{L_{d}}$
$\varphi_{L}$ (i) $\varphi_{L_{d}}$
8 3. 1(i) 5.1(iii)




71. (i) $\nu_{1}\not\in Z,$ $\nu_{2}\not\in Z,$ $\nu_{1}-\nu_{2}\not\in Z,$ $\nu_{1}+\nu_{2}\not\in Z$
$M_{\nu}^{(w)}(v_{L}^{d})(a)=(\sqrt{-1})^{\iota_{1}-\downarrow-2+L_{-1,1}-L_{1,-1}}y_{1}^{4}y_{2}^{3}(2\pi y_{1})^{d_{1}-l_{2}-\iota_{-2}}(2\pi y_{2})\mapsto_{2}^{d+d}-L_{-1,1}-L_{1,-1}$
$\cross\sum_{m_{1},m_{2}\geq 0}C_{m’,m_{2}}^{w_{1}L}(2\pi y_{1})^{\mu_{1,L}^{w}+2m_{1}}(2\pi y_{2})^{\mu_{2,L}^{w}-\chi(w)L[d]+2m2}$
$(a\in A)$
$Hom_{K}(V_{d},Wh(\Pi, \psi))$ $\{M_{\nu}^{(w)}|w\in \mathcal{W}_{G}\}$
$w=(s, \epsilon_{1}, \epsilon_{2})\in \mathcal{W}_{G}=6_{2}\ltimes\{\pm 1\}^{2}$ $(\mu_{1,L}^{w}, \mu_{2,L}^{w})=w\cdot(\mu_{1,L}, \mu_{2,L}),$ $\chi(w)=$
$(1-\epsilon_{1}\epsilon_{2})/2$
$C_{m_{1},m_{2}}^{w,L}=Q_{m_{1},m_{2}}^{w,L}$






(ii) $Hom_{K}(V_{d}, Wh(\Pi, \psi)^{\infty})$ 1 $W_{\nu}$
$W_{\nu}(v_{L}^{d})(a)=(\sqrt{-1})^{l_{1}-\iota_{-2+L_{-1,1}-L_{1,-1}}}y_{1}^{4}y_{2}^{3}(2\pi y_{1})^{d_{1}-l_{2}-t_{-2}}(2\pi y_{2})^{\underline{d}}\mapsto^{+d}2-L_{-1,1}-L_{1,-1}$
$\cross\frac{1}{(2\pi\sqrt{-1})^{2}}\int_{\mathcal{L}(\alpha)}2\int_{\mathcal{L}(\alpha_{1})}U_{L}(s_{1}, s_{2})(2\pi y_{1})^{-2s_{1}}(2\pi y_{2})^{-2s2}ds_{1}ds_{2}$ $(a\in A)$
$U_{L}(s_{1}, s_{2})$
$U_{L}(s_{1},s_{2})= \frac{Q_{L}(s_{1},s_{2})}{(2\pi\sqrt{-1})^{2}}l_{\mathcal{L}(\beta_{2})}\int_{\mathcal{L}(\beta_{1})}P_{L}(s_{1}, s_{2};t_{1},t_{2})A_{L}(t_{1},t_{2})dt_{1}dt_{2}$,






$\beta_{1},$ $\beta_{2}$ $\alpha_{1}>\beta_{1}+\beta_{2},$ $\alpha_{2}>\max\{\beta_{1}+d_{2}/2, \beta_{2}\},$ $\beta_{1}>(|{\rm Re}(\nu_{1}-\nu_{2})|+d_{1}+$
$d_{2})/4,$ $\beta_{2}>(|{\rm Re}(\nu_{1}+\nu_{2})|+d_{1}+d_{2})/4$
(iii) $\nu_{1}\not\in Z,$ $\nu_{2}\not\in Z,$ $\nu_{1}-\nu_{2}\not\in Z,$ $\nu_{1}+\nu_{2}\not\in Z$ $W_{\nu}=\sum_{w\in \mathcal{W}_{G}}M_{\nu}^{(w)}$ .
8 Novodvorsky
$(\tilde{\Pi}, H-\Pi)$ $GSp(2, C)$ Hilbert $\tilde{\Pi}(z1_{4})=id_{H_{\Pi}}\sim(z\in C^{\cross})$
$\tilde{\Pi}|_{Sp(2,C)}\simeq\Pi$ $(\tilde{\Pi}, \psi)$ Whit-
taker $W$ Novodvorsky $Z_{N}(s, W)$
$Z_{N}(s, W^{\vee})$ :
$Z_{N}(s, W)= \int_{C^{\cross}}\int_{C}W((\begin{array}{llll}y 0 0 00 y 0 00 0 l 00 x 0 1\end{array}))|y|^{2s-3}d^{+_{X}}d^{\cross}y$ ,
$W^{\vee}(g)=W(g\eta)$ , $\eta=(\begin{array}{llll}0 0 0 l0 0 -1 00 -l 0 01 0 0 0\end{array})$ .
$d^{+}x$ $C$ Lebesgue 2 $d^{\cross}y$ $d^{\cross}y=(2 \pi)^{-1}\frac{d^{+}y}{|y|^{2}}$
$r$ $C^{\cross}$ Haar f$\grave\ovalbox{\tt\small REJECT}\grave|$





$d_{0}=(d_{1}-d_{2})/2\in Z_{\geq 0}$ $y_{1}>0$
$W_{0,y_{1}}(g)=W_{\nu}(v_{d_{0}\delta[-1]+d_{0}\delta[2]}^{d})(g$diag $(y_{1},1,$ $y_{1}^{-1},1))$ $(g\in Sp(2, C))$
$(\tilde{\Pi}, \psi)$ Whittaker $W_{0,y_{1}}$
:
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81. ${\rm Re}(s)$ $Z_{N}(s, W_{0,y\iota})$ $Z_{N}(s, W_{0,y_{1}}^{\vee})$
2 $\epsilon(s,\tilde{\Pi}, \psi_{C})\frac{Z_{N}(s,W_{0,y_{1}})}{L(s,\Pi)\sim}$ $\frac{Z_{N}(1-s,W_{0,y_{1}}^{\vee})}{L(1-s^{\sim}\Pi^{v})}$
$(-1)^{d_{2}} \frac{(2\pi)^{3d_{0}+2d_{2}}}{2^{6}\cdot 2\pi\sqrt{-1}}\int_{\mathcal{L}(\alpha)}\frac{r_{c}4arrow d\Delta 42--\perp\infty_{-4}^{-}}{\Gamma_{C}(t+1-s)}$
$\cross\frac{r_{c}(-\nu\perp_{4}+\infty\Delta 4-1arrow^{d}}{\Gamma_{C}(t+s)}y_{1}^{4-2s-2t+d_{0}}dt$ .
$\alpha$ $\alpha>\max\{{\rm Re}(s), {\rm Re}(1-s), (|{\rm Re}(\nu_{1})|+|{\rm Re}(\nu_{2})|+2(d_{0}+d_{2}))/4\}$
$GSp(2)$
Novodvorsky [14], Bump [2], Takloo-Bighash [19]
Whittaker
$GSp(2, A)$ $L$
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